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Methods of nonequilibrium thermodynamics are used for constructing a model
of two-phase medium (incompressible fluid with particles) with allowance for
microrotation and microdeformations in each phase and of chaotic fluctuating
motion of particles that is defined by the effective fluctuation temperature.
Obtained equations define the effects of intensification of diffusion of suspen-
ded particles and admixtures in the fluid phase due to fluctuations, Depend-
ence of the transport coefficient on fluctuation temperature reduces in the
limit case to the dependence of the rate of shear intensity.

Theoretical difficulties in the application of the microrheological method in dyn-
amics of concentrated suspensions compel us to tuin to general methods of mechanics
of continuous medium [1-5], However the derivation of determining equations by such
methods results in excessive generality, as soon as one disregards the contraints imposed
by linear nonequilibrium thermodynamics; such constraints are sometimes necessary for
taking in the model into account phenomena that exist in reality.

1t is shown below that a number of important nonlinear effects can be allowed for
in the suspension model without resorting to essentially nonlinear modifications in the
formalism of description of imreversible phenomena owing to the transition to multi-
velocity continuum and the introduction of intemal degrees of freedom.

1, Letus consider a mixture consisting of an incompressible Newtonian fluid car-
ring suspended particles of incompressible material, whose concentration is generally
not low. We assume that the motion of volumes of material containing a large number
of particles is regular (motion of the mixture as a whole is laminar), but the motion
of each individual particle are subjected to random fluctuations, and this leads to flu-
ctuations of the surrounding fiuid velocity. Only Brownian fluctuations are present in
a quiescent fluid; in an inhomogeneous flow fluctuations are considerably increased
owing to the interaction (" collisions”) of particles. The pseudo-turbulence generated
by this results in the alteration of the transport properties, in particular to intensificat
ion of diffusion of suspended particles and admixtures dispersed in the fluid phase.

The total energy of phase au{ & = 1 and o = 2 relate, respectively, to susp-
ended particles and the carrier) per unit of mass is defined by formula

Eo — 1/2 uiauioc - o« (L1

where u,® is the mean-mass velocity, U* is the internal energy of phase which com-
prises the energies of thermal motion of molecules and of fluctuations,
Each molecule obviously performs both these random motions; it seems reasonable
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Continuous models of suspensions 123

to consider the thermal motion on the background of fluctuations, If these motions

are considered to be statistically independent, it is possible to introduce for a number of
parameters, such as internal energy, entropy, heat flux, stress tensor, etc,, additive
components which correspond to thermal and fluctuation motions which are denoted
below by subscripts I' and F

U = Ug* + Up®, 8§* = S + Sp% ¢* = g1: + qFis

The basic assumption used subsequently is that the relation between components
U and S§% is of the form
(1.2)
Ut = Upt (S7') + Ur' (0%, Sr')
U? = Uyt (S72, ¢/ C?) + Up® (0%, S§?)

where p* = pC% are mean phase densities, C% are mass concentrations(C* = C,
C? =1 — (), c¢ isthe mass concentration of admixture in the fluid phase (per unit
mass of mixture), and p = const is the density of mixture, The true densities of
phases are assumed below to be the same and equal p.
For the mixture as a whole
1.3)
E = SCeEo, § = o8, u; = SCou% V& =uf —u
where the symbol X denotes here and in what follows summation over ¢ (over phases).
The Gibbs identities specified in the form

AUt = Tt dStt, dUp? = Tr%dSt? 4 pd(c/ C?) (L.4)
dUp* = Tp*dSp* + pr® (p*)~? dp®

define for each phase the "thermal" and "fluctuation” temperatures 7'7% and 7Tz%,
the fluctuation pressures PF® , and the admixture chemical potential i . Generally
Tl Ty® and Ty' = T'p? , however, for simplicity we disregard these inequ-~
alities and set T;* = Ty and Tp* = Tp.

In (1.2) and (1, 4) functions [/« play a part similar to that of internal energy in
homogeneous incompressible media, while functions [p® are similar to those def-
ining the internal energy of compressible gas {13},

In the equilibrium thermodynamic state [J* = U* (S*, p%, ¢) , hence the
Jacobian p (U=, §*) / D (Sp*, Sg*) vanishes and Ty = Ty (only Brownian fluc-
tuations are present),

Note that the simplest of possible definitions (see Sect. & below) of fluctuations by
the introduction in the analysis of energy [y or of the effective temperature Tr
was proposed earlier (see, €.g., [4,6,7], but the complete scheme of reasoning pecu-
liar to nonequilibrium thermodynamics did not take these parameters into account.,

Formulas (1. 2)-(1. 4) are used below together with the laws of conservation for
obtaining the equation of entropy balance, and from it the determining equation,

The analysis of the latter is aimed at pointing out some useful generalizations within
the bounds of the traditional phenomenological approach and with a more detailed
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description that takes into account the two-phase effect and the fluctuations,

2. We define the mixture kinematics by mean-mass velocities of phases w;®
and tensors w;;* whose symmetric parts w(;, represent rates of deformation and the
antisyminetric parts wﬁﬂ represent angular velocities of microrotations, Rectangular
Cartesian coordinate system is used here and subsequently,

The laws of conservation of the mass of phases and of admixture, of momentum
and moment of momentum are of the form

00 + 9, (p*u;*) = 0 (2.1
p(0ic 4 woe) = — d,j; (2.2)
By (p"wp™) + 0 (0w w®) = — 0yl + R + p*fr® (2.3)
3, (%) + 0, (pPu,1h) = — 0,Glfaw + 2 (Bo™ -+ 0°03%) — (2.4

o (R + 0%:%) + p%Dfy + M (I = may® — zpu®)

where 4, and 9, denote differentiation with respectto ¢ and x;,; j, isthe ad-
mixture diffusion flux, Pu” are partial stress tensors f,* and @, are external mass
forces and moments, and f,* and M ;> are volume forces and moments of phase in-
teraction,

Setting

oL ¢
Gitin) = — 20ipny -+ T1p0: — ZyPii

from (2. 3) and (2, 4) we obtain
— Pl -+ St Ya (0" + M) =0

or

) 2.5
e Pl O M (0RO MY = m (2.5)

where m ;™ are symmetric tensors of " microstresses”,

The method of introduction of supplementary kinematic variables for each phase
and the formulation of Eq, (2. 5) is similar to that used in [2], The "microinertial”
terms have been omitted in formula (1, 1) for energy E® and in expressions for 1;”
for simplicity; this affects neither the form of determining relationships subsequently
derived, nor the final conclusions.

The question of conditions that validate this simplification and of the range of
problems for which the introduction of further kinematical details is necessary, is be-
yound the scope of this paper. It should be, however, noted that manyconsequenceof
the allowance for fluctuations remain valid in the case of single-velocity definition
of the mixture and without the introduction of variables wi;™-

We stipulate theequationof conservation of total energy of the form

OWPE* = — 0y (p*u E* + q;* -+ w*pix — wﬁpgk) -+ (2.6)
w® (0% -+ Ry®) + Yo (0% + M) + W =0
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where ¢ is the heat flux and W< the interphase energy flux, In order to have the
combined equations (for the mixture) free of phase interaction characteristics, we set

SR® =0, IM% =0, Z(WeYMijws + Riw®) =0 (2.7

From (2. 6) using conventional methods for the heat influx we have the equations

0% 0y 4 u,20,) U* = — 8,9/ — piweix —
Pl Bl + ®hwii + piid wiy + W

e = Yo (0, + O ®), Qi = Ya (0% — %)

Bl = Q% — wig, %5 = Piny + mix
Taking into consideration the remark about the additivity of heat and fluctuation

components (Sect, 1) the above equations can be written as

. 2.8
0% (0, + wd,) Ur* = — 8,971 — prameix — PTunBix + (2.8)

Wy + Wl wi + We* + 6%

6% (8 + u,%0,) Up® = — 0,q51 — PFakely —
o Ba [+3 {2 e o . a a. W o __ ea
PraBik + *Folbar) + BEuxd Wik -+ We

(¢f = 91 + g%, Pix = DT+ PFues -+ )

Parameter 0% represents the energy exchange between the "degrees of freedom”
(i.e. between thermal and fluctuation motions) in the o -phase.

3. Using (1.2)~(1,4), (2.1), and (2, 8), for the entropy balance we obtain an eq-
uation of the form
pa{S + alGl = R
G, = 2 (0*S*u* + qr*Tr™' + gr® Tr™Y) — Wi/’
=0 —ecVy? (VE=u?—uw)
The dissipation function R (see formulas (3.4) and (3. 5) below) is the bilinear
form formed by generalized thermodynamic fluxes and forces. The latter contain

quantities e;;* and w;;* related by conditions of incompressibility of the mixture
and individual phases

(3.1

e; =0, w;#=20 (3.2)
the first of which, with allowance for (1, 3) may be written as
SCee® 4 (ut —u) 9C =0 (€ =CY 3.9

The expressions for thermodynamic fluxes must, in conformity with the three cond-
itions (2, 2), be determined to within the three undetermined scalar parameters.
Multiplying the two formulas (3,2) and (3. 3) by the scalars b* and A , respectively,
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and adding these zero products to R , after rearrangement of terms we obtain

14 (3.4)
R = Y YXs

§=]
where the thermodynamic forces X° and fluxes Y*® are represented by the follow-
ing quantities:

X' = Tp—Tq, Yie- 77770 (3.5)
X*=0Tr, V2= —T7 (gr — pi))

XpP=0,fn, Yp = —Tigm

Xt =0, Y- —T75

XP=ut—u? YpPe —T7Rry —TERp + A0,C
Xix = ete,  Yik= —T7praw — T'¥ (Pran — Prdi) + AC'Sy

-8 1 8 -1.1 —1_1
Xii=Bum Y= —Trprug—Trprun
10 1 10 1t -1t 1
Xk =wi, Yii=Trnrp -+ TFxrpm~+ 00

12 1 2 B 12 -1 ; -1
Xik=wix —wiy, 2Y=—TrMey—Tr Mpix

Xty = dwly, Y1 = T7' Wi + T'Win
(gr1 = qri -+ ¢, 0 =0'-162% ...,
Bl _ 3112_332, Mlk:MllkZ—ﬁilzk)

Tensors X7, Y7, X®, Y*®, X1, Y1, X, and Y™ are obtained by the substit-
ution of the superscript 2 for 7 in expressions for X¢, Y¢, X8,  Yy®, X1 Y,
X138 and Y18,

As usual, we assume the existence between fluxes and forces of the linear relation-
ship

Y = DAneX®

8

If we denote components of tensorsY”, X®,and A™¢ byY: ., Xi ,, and A5, 5 4,
respectively, then according to the Onsagar-Casimir principle of symmetry A5, .
= 4 A} p i q- The signs -+ correspond to cases of same and different parities
of forces X* and X' with respect to microscopic velocities.

The tensors A”:* (up to and including the sixth) depend on the metric tensor ¢
and, possibly, on other quantities not comprised in the number of forces and fluxes,
To such quantities belong C, ¢, dy == 0yC, Tr, and Tp. It is permitted to int-
roduce in one of the tensors theargument T and in the others Tr , but not simultane-
ously both (this would have been equivalent to the inclusion besides the parameter of
state Tt or T , also, the rest Tr . T'r which is a thermodynamic force),

The general form of tensors which depend on the indicated set of arguments is est~
ablished on the basis of the theory of tensor functions [1].

Some of the fluxes in (3. 5) are of the formY" = Tr~*Y¢" + Tp~'Yp" + Y/,
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while ultimately we have to determine the quantity y" = Y™ + Yr'.  We set
TPY" = JAYK — 27 — Yo, TRYp = DA+ 77— Yy, (39

8 8
Are = AT+ AR, Yo = Yor 4 Yop
where Ay and Ap™® depend on the same arguments as A7 s,and Z" may
further depend also on X*® (Z" does not contribute to dissipation), From this

y = 2a"X 42" (Tr —T7) — ¥o (3.7

ar® = T7AT' + TrAE’, ¥o' = TrYor + TrYor
Tensor am*® retains the characteristic symmetry of A™$ , provided it is obser~
ved in the decomposition of the latter into components, It will be readily seen that
the parts Ar™® and Ap™*  that disturb the symmetry differ only by their signs,
hence in y" they can be considered as included in Z".

4, The determining relationships and final equations are in the general case diff-
icult to survey. We shall, therefore, present only some of their distinctive properties,
assuming the mixture to be isotropic in the sense that tensors a™*® are independent of
0xC . We shallalso omit without further notice a number of cross effects in deter-
mining relationships and assume throughout that tensors Z™ are equal zero,

In conformity with statements at the end of Sectn, 3 the stress tensors p,, * and
the interaction force Ry, can be defined as follows:

pap' = [pp' + aC' — @)%t — a®e; — (Tp — T1) a6 — (4.1)
aG,Ge,kl - a6,7elk2 — qg8,10 w(lk)l _ ds’llw(”‘)z

pan® = [pr? + aC? — ay"%;;' — ay7ey — (Te — Top) a™110), —
ay™ept — a™ep? — Wyt — ahMw

1 . e

pux* = —a®® By — a»*By®, pun® = — a*By' — a*'By}

Rk = —a%b (ukl - ukz) -+ aakC — a5v26kTT — ‘15’391:7'1?

(a =ATTT +AF‘TF, y:| =AT +AF)

Let us analyze the case when the difference between velocities uy, w,! and ;2
is small, and can be neglected, except in the expression for R, . The equations of
momenta for the mixture and suspended phase assume, respectively, the forms

pdtuk = ~8k [p —_— al(TF —_ TT)] + (T]l + 7]4) 8laluk + (4, 2)
exdmy + Qudmy + O, Wy + pfx
Wi = aPwii? + a'wgr? — ndvpnt — 180"

pCdyuy = —0oxlp' — a®' (Tr — Tr)l + (' + n,Y)0,0,u, +
a0 + Qupdmt + Wyt + pCfi! + Ry

1 — 56,10 1 6,11 2 8,8 1 8,9 2
Wit = a®Yw ! + a®Mwgy — anWEy — AWk

(4.3)

where d;, = d / dt
The rheological coefficients are denoted here as follows:
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Nt = a% 4 a%?, m2=a" a7, n =7+

— 1 2

7]41 = a%8 + a7, 'ﬂ42 =a*® + &% ny =1, T
al = g%l 4 @B, al® = 810 | ghlo gl = g8l | g7l

Pressure p is determined by formula

p = a + pr* + pr’
(0" = ps* + aC* = pC' — p*Ct + pr'C?)

Equation (4, 3) is used for determining the diffusion flux of suspended particles
Je = pC (@ — w) = pC (1 — C) (i — w) (4.4

and Eq. (4.2) makes possible the elimination of the Laplacian 9,0y, from J,
After some simple operations we obtain

Je=0apC (1 — C) {(A — C) dyp — (1 — C) dypr' + COpr® —
a2 Tr — 25%0,Tr + p (L — C) daue — (My — CHM)] —
(Tr — T1) (Mha! — 3pa™) — (ot — a*1) 3y (T — T'r) —
e AWMy — 9t —Lp Ry — 9my') —
AWy + 0, Wiy, a= (a>°)71, A= (n + ng) (n + n)?
In accordance with (1.2) and (1.4) p,' and pp? are functions of C and 7Tp;
it is reasonable to assume that the rheological coefficients depend on the same guantit-
iesand on T'¢ ., It then follows from (4, 5) that;
Jp = p {koyp — D0,C — Crxd,Tr — Lpp0, Tr} — (4.6)
powar — B — V'Owun' — Yo wuk® +
1 A — C) dyuy. — (M — CHM]

(4.5)

The elementary formulas that express {7, B%, y*, and ¥ in terms of previously
determined coefficients are of little interestand are omitted here. For D,k

and (g, we have the following equalities:

( d ot
Dy = Dy + aC (1 — C) {e,k (r 5 —S) + (4.7)
1
Qy (7» % - %%i*) + Byl + Batwiie -+ Yelwing + V*zw?m}

1 opp*

0
D:QC(1~C)[(1~«C) ST (T —Tr)X

aat a1t
(Z‘ aC ~ aC ﬂ

k=aC (1 —C)(h —C) (4.8)
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on oyt (4.9)
Crik = Lrdix + aC (1 — C) {elk (7~ Wl—— — 737;—) +
[y _Om gt 1
Qlk (7\, 371% o 61’4 ) + **w(lk) +. }

oppt dpp? ;
§F=——aC(1—C)[(1—C) L

dat  9a

The analysis of formulas (4, 6)=(4. 8) makes possible the following qualitative ass-
essment of the character of diffusion of suspended particles .

1°, Presence of the fluctuation mechanism intensifies Brownian diffusion. If we
assume that the fluctuating particles behave like gas, i.e, pp! ~CTp and that
prt + pr*? ~Tp ,then D ~ Dy (Tr/ Tr) , where D, is the Brownian diff-
usion coefficient at temperature T'r . For instance, setting Tp ~ 1°°I3, where
1° and €° are the characteristic viscosity and deformation rate, and [ is the di-
mension of a suspended particle, on dimensional considerations we obtain the linear
relation between D and py , and e, that agrees with experimental data [8-10].

2°, Ananalogyexists between barodiffusion and thermodiffusion with coefficients
k and Ip.

3°. A diffusion flux may be induced by gradients of microrotation velocity and
microdeformation rate to the extent that these velocities contribute to tensors of force
stresses,

4°, The dependence of transport coefficients on particle concentration and fluct-
uation intensity results in the effective anizotropy of the diffusion flux [11].

For the admixture diffusion flux we obtain on the same assumptions as above the
formula

ji = peV2 — Tr (@0, T -+ a%%0,Tp + a**0;p) (4.10)
Noting that
Vﬁ=u12-uz='—fz/p(1-0), pe=p(Tr, c/ (1 —C)

from (4. 10) we have

ant (29,0 + 25 5,0)]
Revertlng to (4.6) we obtam
=—pDoc + ¢ 1 c (Dy1 — Dbyr) 0:C +

fi=— ) —TT[(am - )a,TT + 029, Tr +

(4.11)

& a
( T—0¢ oFK — TT““""‘”M) 0Trp+ .oy Dg= TTa4,4_8L:_
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Thus the presence of large particles can considerably affect the diffusion of adm-
ixture, Fimst, the effective diffusion coefficient depends on I’z and C (for instance
D,~—~0 when C — 1 when particles are impermeable to the admixture); second,
admixture transport together with the carrier fluid is in the opposite direction to the
diffusion flux J, of suspended particles, and, third, the direct effect of fluctuation
on the admixture transport is possible (when J, = ( ), owing to gradient 7'y (see,
e.g., [12-17]),

Note that the relation of J;, and ji to 9,C and @, defined by formulas (4. 6)

A

and (4. 11) does not satisfy the condition of symmetry, i, e. does not reduce to the form

T = a110xC + a305¢ + . . ., g = a9 0xC + ag98xc + ... (4. 12).

where e, and ay are interrelated, Moreover, the presence of admixture does not
generally affect the flux Ji (if the transport coefficients are independent of ¢), which
conforms to the physical picture, These two consequences would not be obtained if the
mixture was represented as a single-phase fluid, since in that case gradients 4, and
dxc would represent thermodynamic forces and J, and ;_ their associated fluxes.
In the model considered here 9,C represents a parameter of state,

Let us now consider the formula that determines the exchange of energy between
the degrees of freedom

O = TrTp [a"Y(Tr — T1) + a'e;it + ale;%l =
TTTFal’l (TF — TT)

We summate the second of Eqs,(2, 8) with respect to o on the same assumptions
as made previously and obtain

where @y denotes the fluctuation energy generation by dissipative processes:
Op = —prawex — PrumBu + .- -

Equation (4, 13) is generally used for the determination of T'r . Of special int-
erest is the particular case of that equation that defines a quasi-stationary mode, when
Op = 0, it gives then the possibility of directly linking I'r with tensor invari-
ants that define the kinematics of the medium,

For instance, if microrotations and microdeformations are neglected in ®y then
TeTe (Tp — T1) a'* =nrepey, -  Hence T'p is determined as a function of
Tr and C , and I, = eyey . Since the transport coefficients may depend
on T'p,the resulting equations actually define a viscous medium with nonlinear prop-
erties due to fluctuations,

In such medium the diffusion fluxes and, in particular, the migration of suspended
particles across the direction of basi¢ motion can be induced by the nonuniformity of
the rate of shear, since J,, and jx depend on 0;xTF.

5. The above analysis permits a number of generalizations which do not require
a repetition of basic arguments and do not affect the essential qualitative characteris-
tics of the model, Thus, the allowance for the particle moment of momentum red-
uces to the inclusion in the energy E% and in Eqs. (2. 5) of additional terms whose
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form is a priori known [2], It is evident that the omission of cross effects and, in par-
ticular, of the dependence of Ry on gradients w;% p and j, on w! — u?,
does not alter the general structure of formulas (4. 6) and (4, 11), and do not make

(4, 12) symmetric,

Various modifications of determining equations by nonlinear terms that do not
contribute to dissipation [1] are possible (some of these have already appeared in (3. 6)
and (3. 7)), Thus it is possible to substitute for expression (4. 1) for the friction force
the expression

Ry = — a%® (ugd — u®) -+« oo+ Ny (ui! — u?)

where Ny is an arbitrary antisymmetric tensor,

The most rigid assumption in the developed approach is the introduction of "prog-
ressing” fluctuation temperature suggested in [6] as the unique in essence characteristic
of fluctuations, In fact, fluctuating rotations and deformations of particles determined
by their effective temperatures, as well as fluctuation anizotropy, may occur. These
factors and the effect of particular properties of a2 mixture (phase compressibility, par-
ticle elasticity, orientation of these, variation of particle volume) can be taken into
account in a phenomenological approach with suitable change of formulas for internal
energy (%),

Simpler models with allowance for fluctuations can evidently be obtained, if at
the beginning additional kinematic variables are excluded or the motion of individual
phases is not separately analyzed, However in that case the law of suspended particle
diffusion does, evidently, not define the barodiffusion in an incompressible medium,
Equations that correspond to such simplifications can be obtained on the basis of Sects,
1-4,

The author is grateful to V, L, Berdichevskii, S. S, Grigorian, A. G, Kulikovskii,
G. A, Liubimov, and N, Kh, Shadrina for discussing the subject of this paper,
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